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1. Rational Catalan numbers

Let a, b ≥ 1 be positive integers satisfying gcd(a, b) = 1. The rational Catalan number
C(a, b) is given by

Ca,b :=
1

a+ b

(
a+ b

a

)
.

The Catalan numbers are given by Cn := Cn,n+1. Like the more famous Catalan numbers,
rational Catalan numbers have many combinatorial interpretations. Here are some:
(a) Ca,b is equal to the number of rational Dyck paths in a a × b rectangle: those lattice
paths that stay above the main diagonal. For example, we have C3,5 = 7.

q4t0 q3t1 q2t2 q2t1 q1t3 q1t2 q0t4

(b) C(a, b) is equal to the number of simultaneous (a, b)-cores: partitions λ such that
neither an a-ribbon nor a b-ribbon can be removed. [And] [AHJ]
(c) rational dissections and rational noncrossing partitions [ARW].

One aim of this project is to gain some familiarity with rational Catalan combinatorics.

In [GL], a new class of objects called maximal (a, b)-Deograms were shown to be counted
by C(a, b). These are wiring diagrams D in a a × b rectangle, where every box is filled
with either a crossing or an elbow. The wires go from the NW to the SE, and the order
in which the wires enter is the same as the order in which the wires exit. The wires are
labeled 1, 2, . . . , a+ b in order SW to NE. They must satisfy the distinguished condition:
for any elbow in D, the label of its SW wire is less than the label of its NE wire. In other
words, once two wires have crossed an odd number of times, they cannot form an elbow.
A filling is called maximal if it has the maximal number, ab − a − b + 1, of crossings.

Problem 1. Find a bijection between maximal (a, b)-Deograms and (a, b)-rational Dyck
paths.

2. q, t-rational Catalan numbers

There is a q, t-analogue of Ca,b, the q, t-rational Catalan number [Hag]. It is defined as

(1) Ca,b(q, t) :=
∑
P

qarea(P )tdinv(P ),

where the sum is over (a, b)-rational Dyck paths P , and area(P ) is the number of unit
squares fully contained between P and the diagonal, and dinv(P ) is the number of pairs
(h, v) satisfying the following conditions: h is a horizontal step of P , v is a vertical step
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of P that appears to the right of h, and there exists a line of slope a/b (parallel to the
diagonal) intersecting both h and v. For example,

(2) C3,5(q, t) = q4 + q3t+ q2t2 + q2t+ qt3 + qt2 + t4.

Problem 2. Find statistics u, v so that Ca,b(q, t) =
∑

D q
u(D)tv(D), summed over maximal

(a, b)-Deograms.

3. Other interpretations

Rational Catalan numbers and their q, t-analogues have numerous interpretations in
algebra and geometry, appearing in Macdonald theory, diagonal harmonics, torus knot
homology, compactified Jacobians, positroid varieties, Hilbert schemes of points in the
plane, Cherednik algebras, ...
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