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.
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Graph Isomorphism : Complexity

· Exact complexity of Graph Isomorphism (GI)

not known

· conjecturally . GI is "ND-intermediate"

i

.e. neither P nor NP-complete

#
? ↳ I

Rmk
. Subgraph Isomorphism is known to be NP-complete.

1 "Given (G
.
H)

,
does G contain H as a subgraph ?

"

· (Babai 2016) Fastest known algo. for GI is

no((logu)") - time
,

for constant b



Graph Isomorphism : Complexity

· GI known to be polynomial time on many special

classes of graphs, e . g.

· bounded degree ( Grohe
,
Neuen

,
d Schweitzer 2018)

· bounded embedding genus

e . g. planar

· torus-embeddable

· excluded minors

· excluded topological subgraphs

Rmk (McKay) "Few of these (polyn - -time] algorithms

are practical , planar graphs being a notable exception
"



Graph Isomorphism : Heuristics

· In practice , all current fastest implementations for GI

in software use "canonical labelling" approach

2. g. nauty (McKay) , Traces (Piperno) , bliss (Juntilla & Kaskil, · . .

· specifically , use "individualization-refinement" paradigm on vertices

[Makay)



Graph Isomorphism : Heuristics

Runk GI used to be very

popular subject in

theoretical computer science

(1977)



Weierstrass weights

· For finite graph G : (V , E)
,
Weierstrass weights give vertex labels

u= V + 1 = 0

EX . I

· ~ F· ↑
Z 2

/genus = 7

· Labels are bounded by genus := # independent cycles (a .k. a. cyclomatic #)

= # edges removed to

get spanning tree = (E) - (v) + 1



Weierstrass weights

· For finite graph G : (V , E)
,
Weierstrass weights give vertex labels

u= V + 1 = 0
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--
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Weierstrass weights

· weights M
: V(2) + co are isomorphism - invariant

· claim : (informal) weights reflect mix of local - global-

structure

Ex . "Whitney twist" of graph two-sun (C



Weierstrass weights : Tropical terminology

G = (V ,El finite graph

· formal integer combination of vieV is a divisor

or "chip configuration"

D = [ ai. v ; where ai I
viv

· degree of divisor D = [ a: vi is degD = [ a :

viv viv

· canonical divisor of graph is

-genus
k

=I (val(vi) - 2) vi which has degk = 2 g
- 2

Ex . " ,L
- I o 8

-1
-1 00



Weierstrass weights : Dhar's burning algorithm

How to compute Weierstrass weights ?

· For chosen Vertex v.

·Compute reduced divisor ata via Dhar's algorithm

· weight

M(v) = (v - coeff . ) - (g - 1)
↑
genus

Jy ⑤-

- M
-> ...

->Ex -> Found divisor

genus
= 7

,
so M(r) = 10 - 6 = 4



Weierstrass weights : Dhar's burning algorithm

-
EX . ··

#· ·

&F F/J

↳
M() = 10 - (g - 1)

= 4

↑ 10# +&
⑳SK ↳ ↳



Weierstrass weights : Dhar's burning algorithm

Ex·- ·

&· ·

·I ·· - --·

·
↑ <# · m(v) = 6 - (g - 1)

&

= O

&· · · ·
DONE



Weierstrass weights : Running time

· To compute Weierstrass weight at one vertex :

1. Run "five spreading" by BES O((v1 + IE1)

2. If fire contained on proper subgraph :

3. Apply "chip-firing" on blocking vertices I xO(diameter)4. Return to 1

5. Else
,
fire spreads to whole G

6. Output chip configuration

· Worst-case time O(IVR + /VIE)

Average-case for random graphs O(Iv/log(v) + /Ellog(v)

· To compute weights at all vertices : don't start over



Weierstrass weights : Boundsa constraints

Prop For
any vertex

,
Weierstrass weight Mr - g

↳ genus

Fact
. Weierstrass weights are unchanged by

"uniform refinement" of edges



Weierstrass weights : Boundsa constraints

Prop For
any vertex

,
Weierstrass weight Mr - g

↳ genus

Fact
. Weierstrass weights are unchanged by

"uniform refinement" of edges

Fact Weierstrass weights are well-defined on associated

metric graph , i. e. continuous space w/ edge unit interval



Weierstrass weights : Boundsa constraints

Prop For
any vertex

,
Weierstrass weight Mr - g

↳ genus

on underlying metric graph,

Thm (Amini-Gierczak - R 2026)

a) Finitely many connected comp . / "Weierstax-condition" <gr ./

b) "Well-defined" weight on connected components . s. t.

[ u(Ai) = gr - 1 .



Weierstrass weights : Boundsa constraints

on underlying metric graph,

Thm (Amini-Gierczak - R 2026)

a) Finitely many connected comp . / "Weierstax-condition"

b) "Well-defined" weight on connected components . s. t.

[ u(Ai) = gr - 1 .

· weight formula :

M(A) = (g+ 1)(g(x) - 1) -z(s(k) - 1)
↓
"Slopes" of red .-div.

of K

E reledivorM



Tropical Weierstrass weights

Problem What is "good" notion of tropical weight ?-

gi·&Do
↓

Mi!
↓ Eact

. Tropical Weierstrass locus can be

infinite
, containing positive - length segments



Why Weierstrass points ?

Goal : understand moduli space of algebraic curves Mg

-

Ca=
↓

My Dat
Slogan : "Weierstrass pts are coordinates on Mg"



Graph isomorphism

Recap :

· Can Weierstrass weights improve GI running time ?

- Probably no in worst-case
, arbitrary graphs

- Maybe yes for certain families
,

or as heuristic

- For highly symmetric/vertex transitive graphs ,

consider W-weights of edge-deletions

·Can we use "Jacobian" group structure on graph

vertices
,
in other ways ?



Distinguishing graphs with

tropical Weierstrass weights

Thanks for listening !





Outline
-

Gruph isomorphin

problem statement

main results

·

quasi-polynome time 1?) Babai

· Weierstrass locus/Weiertass mights

· What is it I labelling V(G) ->0

· Examples ? · Whitne trust

Vertex transitive graphs

· Dhar's burning algorithm

· Algebraic motivate

· algebraic cares
,


