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Distancematrices

Problem What does determinant of
-

a distance matrix tell us "combinatorially" ?

V
,
v
= vz

-
~
7

~
,

0 1223 3 4

- o 11 2 2

V
, 1023 3

D = 2 120 11· I
.

"23102 3

V3 2 O I

iii O



Distancematrices

Problem What does the determinant tell us
?
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Distancematrices

Problem What does the determinant tell us
?
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1971
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For any
tree on n vertices

,

det D = ( - 1)"
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Distancematrices

Problem What does determinant of
-

a distance submatrix tell us "combinatorially" ?

-
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2 . g.

S = &G



Distancematrices

Problem What does determinant of
-

a distance submatrix tell us "combinatorially" ?
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Distancematrices

Problem What does determinant tell us
?

-

03- p(s)=
=> det D(s) = - 252 ??

↓ No previously known combinatorial interpretation



Distancematrices Im (Graham-Pollak)

detD = (-1)""2"-"(n - 1)

Theorem (R-Shokrieh - Wu)

Given a tree G = (V
, E) and vertex subset SCV

,

Isl-2 (det D(ST = (-1)"" 2 (n -1)1
,

16 ; 3) - [(deg(F)-2))
F =E(G ; S)

where n = # vertices

K, (G ; 5) = #S-rooted spanning forests

F2(2 ; s) = (S , *)-rooted spanning forests

dego (F , x) = out degree of floating component



Distancematrices

Theorem (R-Shokrieh - Wu)
-

Given a tree G = (V
, E) and vertex subset SCV ,

det D(s] = (- 1)( - 21s)
- 2

((n - 1) 1,36 ; 3) - [ (deg (F#) -2) S
F =E(G ; S)

Ex . where n = 7

K, (6) :#Sa..

-Elis ...
dego(F , x)=omque begi= -leg : 4



Distancematrices

Theorem (R-Shokrieh
- Wu)

det D(s] = (- 1)(
-

2(s)
- 2

((n -1)1,(6 ; 3) - [ (deg (F#) -2))
F =E(G ; S)

How to prove ?

: Potential theory on tres



Distancematrices

Ex
.
Tripod graph

bt Des] at O b + c

-
= I

0 a +b a + C

!b +cI
a +co

C

det D(S) = 2 (a + b)(a + c)(b + c)

By Theorem,

def D(S) = 2 ((a + b + c)(ab +b + ac) - ab)
n - 1 k

, (G : s) [ ,
2

Fz(G ;S)



Potentialtheory

-bem How do particles "distribute" within

a region, given repulsive potential U(x ,y1?

· *
2- dim region I-dim trea



Potentialtheory : tree case

-bem How do particles distribute ?

· Minimize

*
2 (i) = -[iD[S]i

-> self-repulsion energy

I-dim trea · Constraint

E-m = 1

-> conservation of mass



entialtheory
Problem Find
-

min & - IT DCs]i : MERS , 1 . m : 13

- (objectivel = - DIS]i * (constraint) : 1

#roposition [cf. Bapat (

a) Minimum occurs at DISJM* = X I

b) minG DISS] =-D
I = 1

I

sum of cofactorsetA



Potentialtheory *
#Iroposition (Bapat (

E = - n D(5

a) Minimum &(i) occurs at DISJM* = X I

b) min & [in)] =-
I = 1

I

sum of cofactorsetA
Aside

Theorem (RSW + Bapat-Sivasubramanian 2011 I

de+ D(s)= ( - 1) =Es- (cof D[S]



Potentialtheory *
#Iroposition (Bapat (

E = - n D(5

a) Minimum &(i) occurs at DISJM* = X I

b) min & [in)] =-
I = 1

I

sum of cofactorsetA
Aside

Theorem (RSW ,
also Derriendt 2022 I

If A CB > V(G)
,then



Potentialtheory

Summary :

How to find How to find How to solve
- ~>

det D[S] ?
min &(i) ? D[S] : XI ?

Theorem (Bapat-Sivasubramanian 2011
,

etal ?)

Equilibrium rectur is

S D(S]m* = x1

M=tris) [12-1gT , i)
1.+ = 1

T(F
,
(G :S



↑tential theory
Therem (Bapat-Sivasubramanian 2011)

Miss [ ! 2 - dego(T , i))
T(F

,
(G :S

Idea : combinatories (-) combinatories of

of D Laplacian

Laplacian ((k) : = , (x - xj)

&

~ L times distance matrix : no
j- index

(LD) :j : (2(i)) : = 1 - (eg: - 1) = 2 - degi

+ 1
-1

-- except when

G:
- -.. --·i!

-

vj viX - 1 i = j
D



Further extensions : edge weights
-

① ↓
z

Ex-·
C

......: /0
i &

Y

edge
weights

Theorem (R-Shokrieh - Wu If
- -

det D(s] = (-1)"
-

21-2 (ESIT- (deFull

(Bapat-Kirkland-Neumann
,
2005 when Sir (



Further extensions : graphs w/ cycles-

0 = 1 2

E. :
2 2

I0

i "
2 I I 8

effective resistanceI matrix
-

O 8/1 8/11 10/11 13/11

source 8/11 o
1%, 8/1 13/11

Vi
7 R =

I
8/11 10/11 06/1 7/11

R.
, 5 - I

13/11 13/11 7/11 7/110
↓10/11 8/11 6.I 8 7/1

sink



Further extensions : graphs w/ cycles-

Editors =
8/11 10/11 13/11

o
1%, 8/1 13/11

Vy 8/11 10/10 % 7/11I
13/11 13/117/11 7/110

↓10/11 8/116/11 8 7/1

Theorem (RSW)
-

~
#2 · forests

=
↳

# trees



Furtherextensions

still unresolved :

I
1 - q2

I· q-distance matrices
,

e . g. Pqls]:-1 - q3
Bapat-Lai - Pati 2006 1 - q4 1- q4...

Choudhury-Khare 2024

· Steiner distance hyperdeterminants , k-subsets

Cooper-Tauscheck 2024 +

· Combinatorial proof via sign-reversing involution

Briand-Esquivias - Gutirrez-Lillo-Rosas 2024 +



Thank you !

+ +

- ·
↓ t

Harry Richman

NCTS
, Taipei

24 June 2025

ILAS Kaohsiung ,
NSYSU



Aside: Transitions between F
, (G;s) and Fz(G ; 3)

form interesting dynamical system

F
, (6;s) = 2%ouquet

deleta + / ↑ add edge
e = &F(x)

F(bis) = 3que
see : Amini et al, Branden-Huh

, Vinzant et all



theoryPotential

Ex Equilibrium
-

My 9 x

Mi - G x -
%- mi %-q

Mz M3
6 x

&

5 x

equilibrium

Recalli() - det D[S] = -252

=

- 4(63)


