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Bmatrices

↑

em what does the determinant of

a distance matrix tell us "combinatorially"?
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Bmatrices

↑

em What does the determinant of

a distance submatrix tell us "combinatorially"?
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A
rium measures as "Potential theory"

↑em How do particles "distribute" along

a region, given repulsive potential U(x,y)?

u(x,y)
= - (n(x - y) u(x,y) =- dist(x,y)

- *It ++ -
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t

2 - clim region Idim trea



↑roblem what does the determinant of*
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Problem alongRi



Distanceries

Problem
-

What does the determinant of

a distance matrix tell us "combinatorially"?

d

What do we mean?

Ex Matrix tree theorem:
-

Laplacian matrix
the number of

spanning trees



Aside' Spanning trees---

A
spanning

tree is a subgraph which

"Spanning" contains all vertices

"tree" L
· contains no cycles

· is connected

ms Spanning
Ex. o

trees
at ofthe

G
↓ ...

How many
7



Aside:Hiatrices (= (degree) - labbacer(

Problem What does the determinant of
--

a Laplacian matrix tell us "combinatorially"?
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Aside:Hmatrices

Problem
-

What does the determinant of

a Laplacian matrix tell us "combinatorially"?

Note: de+1 = 0.
- r

Theorem L Kirchhoff 1847. "Matrix-true theorem" (m

Given shG, Laplacian Matrix Lgra

det L(g): # [spanning trees of C3

↓

"A-reduced Laplacian", any geV



Aside:Hmatrices

crem (Kirchhoff) det L (g): # [spanning trees of C3

↓

"reduced Laplacian"

EX.
v,
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=det L(x,] = 1



Bmatrices

↑

bem What does the determinant tell us?
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tree distance matrix 2
all nodes,

internal included

=>detD= 192

I

combinatorial info?



Bmatrices

↑

bem What does the determinant tell us?
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Djoi. irenote
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:
V3

tree distance matrix 2
all nodes,

↑rom (Graham - Pollak, 1971) internal included

n-1n-2

detD =c - 1) z(n - 1)
2X,

no
p

o where n = # A vertices
- combinatories



Bmatrices

↑roblem what does the determinant tell us
?

--

O 2 3 2

-- D [s] = I 2 03 4 I e.g. only
3 3 O 3

leaf nodes
4 Y 3 O

↓rea
distance submatrix

us det D(s]: -25247

&No previously known combinatorial interpretation,

to my knowbige...



Im (Graham-Pollak)

Bmatrices
detD = (x)""'2"-"(n - 1)

Theorem CR-Shokrieh- Wr
-

Given a tree ( =( v, E)

a vertex subset scv

corresponding distance submatrix D(S],
then

det D(S] = c-1)
(x) - ly(s)

-

2((n -1)k,(6;3) - z(ceg(F.) -xY)
F-ECG;S)

where n = # vertices

1, (G; 3): #S-rooted spunning forests

Fz(6; s) =(S,x) - rooted spanning forests

deg(F, x) = out-degree of floating component



Run: F, <6:S) 2 span the C/S

Bmatrices: spanning forests

Given graph 6: (V, E) 12.(2;s):#F,(2;s)
↓

vertex subset S c U How many?
Bin An S-rooted spanning forest of G is a

subgraph which

7 "contains all vertices of Gspanning

↑

forest" contains no cycles S = leaf set

"S-rooted"
· each connected component contains- "OC"

exactly one vertex of s

Ex.5,(6is):Someeme... 3



#Fc(tis) =?
Bmatrices: spanning forests

5)C0;s)<-> 2-omp. forestsGiven graph 6: (V, E)
G/3

vertex subset S c U

In Au IX) - rooted spanning forest of G is a

subgraph which

"Spanning" contains all vertices of G

↑

forest" contains no cycles

· each connected component contains one vertex
"

IS,A) - rooted
"

of s. PLUS a "floating" component =: F(*)

Ex.E(is): ).omeeme.... 3



Bmatrices: spanning forests

Given graph 6: (V, E)

vertex subset S c U

IX) - rooted spanning forest F - Fc/t;s)

Bin The out-degree dego(F.A) of the floating component

is #Sedges from FC) to outside? =:#OF(*)

EX. ownedi amo-e

deg(F,x) =3 dego(F, ) =4



Aside: Transitions between F,(6;3) and Fx(2; 3)

form interesting "Dynamical system"

F(6s) = 3joueueo 3

delecte I f add edge
edge etT etdF(t)

F(6 is) = 3Bouquetanot 3

* Fields Medal: June Hub



Bmatrices

Theorem
-

IR - Shokrieh-Wal

det B(s] =(-1"-2(1
-

z((n -1)k(6;s) - z(ceg(F.) -xY)
F-ECG;S)

023 2

E D [s]
4-- -13 I

↓rea distance submatrix

=>det D(S] = - 252 63

= (52) + 7.1 + 22)

-y r -

#Sorendants someoneis



Bmatrices

Theorem
-

IR - Shokrieh-Wal

det B(s] =(-1"-2(1
-

z((n -1)k(6;s) - z(ceg(F.) -xY)
F-ECG;S)

How to prove?

·E: Equilibria measures & potential

theory on trees



A
rium measures as "Potential theory"

↑em How do particles "distribute" along

· planar region. given repulsive potential U(x,y)?

W(x,y)
= - (n(x - y)

#

views

Asystem changes over time

⑳ to lower its "potential energy"

t t
~ equilibrium

at local min,
2 - clim region ...

State space
z



triummeasures: planar case

For a planar region R c IR",

*Two-point potential

A u(x,y)= - (u)x - y)

&Linearity of potential

⑳ u([ax=.5b,y)) = - zzaibj(n)x -y)
t t

*continuous limit

2 - clim region v(n,v) = - S)((x -y)dm(x)dv(y)



&

triummeasures: planar case

#

Fact: On region
R <IR", equilibrium is

unique measure MFMRon OR such that

u(x,0) ·u(OR) =1 -> conservation

of mass

· 2(u) i
=

- JSlog(x-y) du(xidm(x)to I
is minimized

v(u,) self-repulsion
2-dim region potential



briummeasures: trees

↑em How do particles "distribute" along

a tree, given repulsive potential U(x,y)?
u(x,0)

--
&Two-point potential t

u(x,y) = - dist(x,y)

-VI+
+

x1 &Linearity of potential

U( [a.v., [b,v) = - zzaib; dist(v.,v1- dim trea

distance matrix.

... (a)(P)(%))
-



briummeasures: trees G, scy

& Math Def'n)
#Fact:

The equilibrium vector is the Cuique)
vector in IRS satisfying

· En = ·

2(i) = - +D[s]
-> "conservation

is minimized
ofmass 1

*-1V*+
1- dim trea



briummeasures
#Fact:

The equilibrium is the
unique

vector in IRS satisfying

· En = ·

2(i) = - +D[s]
is minimized

#What happens in pactice?
24Mc O 3

D [s] =
2 03 4

Mi

-- I3 3 03

Mz M3 4 Y 3 O

↓rea distance submatrix

=>computational demo, gradient descent



Equilibriam measures
..

Ex Equilibrium
-.

Mc 9x

Mi

--
6x

%
-

every *

61

-

35+
Mz M3

equilibrium

ratio
O 2 3 63 Recalli·

B(s]M* = I 2 :Hi I I 63 I3 3 O de+ D[S] = -252
↓ 63

4 Y
distance 63

=-4(63)
submatrix



*Technical detail:

briummeasures ↓IS] has signature (1, 151-1)

#rem (Lagrange multipliers & linear algebra (
-+

Suppose M is the
unique vector in IRS satisfying

· En = ·

2(i) = - +D[s]
is minimized

Then

a(ix) =

- FECs sof A: E. (y)" detAi.ji,
j

where of: "eum of cofactors"

my &al: Compute detD(S] = - kof D(S]).2/n *)



briummeasures

&al: Compute detD(S] = - kof D(S]).2/n *)

#rem (Bapat-Sivasubramanian, etal? C Equilibrium vector
..

· En =The equilibrium vector M+ = zuv ·

2(i) = - +D[s]
is is minimized

n
=degOCT,

TOR

#em (Bapat-Sirasubramanian, 2011)
15) - 1

sofD(S] =( - 2) K.(6; S)



*

izations: edge weights

Assign positive weight fe ↓o each edge etE

O C a. + x2 ...

B = X O duEx.ooopts
in

I
: : L

Y

I& + dz &2 0.

edge-weighted weighted distance
↓rea

matrix

#

rem (Bapat-Kirkland-Neumann, 2005) Im (Graham-Pollak)

detD = (x)""'2"-"(n - 1)
detD = c - 1)

"

"y") Ece The



*

izations: edge weights

Assign positive weight fe ↓o each edge etE

O C a. + x2 ...

B = X O duEx.ooopts
in

I & + dz &2 0.
L

Y

I
: :

edge-weighted nted distance
↓rea weig

matrix edge
weights

Theorem CR-Shokrieh- Wr f- .-

det B(S] =(-1'-y(sl-2 CE &e (-En(T) - E(ceg(F,+) -2- w(T



tizations: graphs w/ cycles

I I 22

O 2 I 2

B: I· O I I I10

10

Ecoit,t
1

Vy I e ffective& sistance matrix
graph

source 8/11 O 10.. 8,11 13/11
V,

7 R =

I
8/11 10(110 6 F/1

:Iwr I
O

8. In 8/n 1/ 13/11

I10 /1 8/11 O O F/1

2 13/11 (3/1 7/12 7/11 O
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*

izations: "continuous"graphs

EN -b.3(a.: 2

graph C metric graph 1

#

orem (R.S.W) Calculate equilibrim measur

** on 5 and "resistance energy"

a(uY)== - (r(x,y)q(x)dM+(y)
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x I YRemark Flavors of discretization
--

continues mass discrete mass

.ege cares & consors

space I
n; EIP : Y

mi t 1 = Y

Cntmmors

xn..tor.orMatuxn (I), FM

discrete
linear algebra

-

x = G
space

I Mataxn (IR), M critical group,
sandpile group


