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Problem : How do Weierstrass points behave
-

on boundary of My ?



What are Weiewstrass points ? (Background

Recall : first-year calculus.Inflectionpoint of a graph

EX .
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Inflection? · "Concavity changes sign"

· tangent line intersects graph w/

multiplicity ? 3
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What are Weierstrass points ?

Recall : first-year calculus.Inflectionpoint of a graph

EX .

#
Y*

Fact : If polynomial fix) has degree d,

*

Y
= f(x) has d-2 inflection pts

* counted w/ multiplicity



What are Weierstrass points ?

X an alg. curve of
genus g ? 2

Defin Weierstrass points of X are
-

inflection pts of canonical embedding X-1P9-

144(xY + y)) - 225(x + y)

EX . + 350x y z + 81 = 0· via Wikipedia

" Trott curve"

Q : How many inflection pts ?
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Defin Weierstrass points of X are
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inflection pts of canonical embedding X-1P91

EX .
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144(xY + y)) - 225(x + y)

& &o + 350x y z + 81 = 0&
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Fact : generic alg. curve has g3-g distinct
-

Weierstrass pts



What are Weierstrass points ?

X an alg. curve of
genus g ? 2

Defin Weierstrass points of X are
-

inflection pts of canonical embedding X-1P91

I
-

Divisor theory

&fin xeX is a Weierstrass point if

tropical ·7 hyperplane HClD9 " with HrX = gox

· - effective divisor DwK with D = g
. x



Weierstrass weights
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Sometimes Weierstrass points "collide"

↑fin. (Informal) Weierstrass weight tracks # of

W-pts on nearby generic curve.



Weierstrass weights

S
-

Ca ⑪-
↓

D&
#

Defin (Formal
,
Sketch) Weierstrass weight of x =X

-

is computed by taking derivatives in the

"Wrouskian
.
"

* NOT tropical :



What are Weierstrass points ?

,



Tropical Weierstrass points

↑ a metric graph of genus g

Recall :

· canonical divisor K = [ (val(x) - 2) X
X + T

Ex
. 2

&

0-a X- &1
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· Rat(k) = piecewise-linear fins on ↑ whose

poles are bounded by K



Tropical Weierstrass points

↑ a metric graph of genus g

&n X ET is a Stropical) Weierstross point if

· exists effective divisor DrK with D = g. x

E) · exists feRat(k) with zeros(f) = g.

·
&

&

* A
-



Tropical Weierstrass weights

Problem What is "good" notion of tropical weight ?-

Glue If &Do
↓ I
M !

↓ Eact
. Tropical Weierstrass locus can be

infinite
, containing positive - length segments



Tropical Weierstrass weights

↑ a metric graph of genus g

Defin (AGR) The Weierstrass weight of a closed,
-

connected subset ACT is

w(A) = (g+ 1)(g(x) - 1) - [(sj(k) - 1)
v = &A

where ·

g
:

genus of
graph

· g(A) =

genus of subset

· &A = outgoing directions from A

· s5(K) = minimal slope along direction r

in Rat(k)



Tropical Weierstrass weights compute via

5 reduced divisors

w(A) = (g+ 1)(g(x) - 1) - [(sj(k) - 1)
v = &A

EX
.

-

O
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· slope computation [s 3 : So , 1 , 23

v = o



Tropical Weierstrass weights

w(A) = (y+ 1)(g(x) - 1) - (sk

EX
.

-

00xO
~ (A) = (3 + 1)(1 - 1) - ((0 - 1) + ... ) = 4
-

4 times

· oa = "DQ
↓ ↓
Vz Vy



Tropical Weierstrass weights

w(A) = (g+ 1)(g(x) - 1) - [(sj(k) - 1)
v = &A

EX .
If A = 33 , single point , then

w(x) = Dy(x) - g + 1

4) reduced divisor

Ex .

If A : T
,
w(t) = (g + 1)(g - 1) = g2 - 14

* Recall earlier : total weight g3-g



Tropical Weierstrass Weights w(A) = (g+ 1) (g(A) - 1) - [(s : (k) - 1
v = &A

Theorem /AGR) If X tropicalizes to T , then

w(A)= ( total Weierstrass weight of (EX tropicalizing to A

Er
.
Total Weierstrass weight of trop"(A)

*

is

a multiple of g .

Cor If A
*
contains a cycle (g(A) = 1) then at

-

least one Weierstrass pt tropicalizes to A.

* If A is Lw-measured



Open problems

·Can we characterize graphs where generic

choice of edge leughts => g2-1 distinct W-pts ?

Ex . CO -Yes 0-0 *
No



Open problems

·Can we characterize unit-edge - length graphs whose

vertices are all non-Weierstrass pts ?

F I X

No
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Thanks for listening !


